We study optical conductivity of a two-dimensional electron gas with anisotropic k-cubic Rashba spin-orbit interaction formed at the LaAlO3/SrTiO3 interface. The anisotropic spin splitting energy gives rise to different features of the optical conductivity in comparison to the isotropic k-cubic Rashba spin-orbit interaction. For large carrier density and strong spin-orbit couplings, the density dependence of Drude weight deviates from the linear behavior. The charge and optical conductivities remain isotropic despite anisotropic nature of the Fermi contours. An infinitesimally small photon energy would suffice to initiate inter-band optical transitions due to degeneracy along certain directions in momentum space. The optical conductivity shows a single peak at a given photon energy depending on the system parameters and then falls off to zero at higher photon energy. These features are lacking for systems with isotropic k-cubic Rashba spin-orbit coupling. These striking features can be used to extract the information about nature of the spin-orbit interaction experimentally and illuminate some light on the orbital origin of the two-dimensional electron gas.
I. INTRODUCTION

Spin-orbit interaction
1,2 (SOI) plays an important role in understanding physical properties of different materials as it lifts the spin degeneracy due to the absence of either the structure inversion symmetry or the time reversal symmetry. In general, there are two different types of symmetry dependent SOI, Rashba 3,4 and Dresselhaus
5
SOIs, in various condensed matter systems. In twodimensional electron gas (2DEG) formed at the III-V semiconductor heterostructures 6 and in various topological insulating systems 7 , the Rashba SOI (RSOI) is linear in momentum and of the form H R = iαk − σ + +h.c., where α is the strength of RSOI, σ ± = σ x ± iσ y with σ x and σ y are the Pauli's spin matrices and k ± = k x ± ik y with k x and k y the components of the wave vector k. Besides, the Rashba SOI in two-dimensional hole gas formed at the interface of p-type GaAs/AlGaAs heterostructures 8, 9 , 2DEG on the surface of SrTiO 3 single crystals 10 and in 2D hole gas formed in a strained Ge/SiGe quantum well 11 is cubic in momentum and is of the form H iso R = iαk 3 − σ + + h.c. The spin splitting energy due to this RSOI is always isotropic and hereafter we will mention this as isotropic cubic RSOI.
An extremely high mobility 2DEG was discovered at the interface of the complex oxides LaAlO 3 and SrTiO 3 12-14 . The mobility at oxide interfaces is relatively less than that of III-V semiconductor heterostructures 16 . Unlike the conventional III-V semiconductor heterojunctions, the 2DEGs at LaAlO 3 /SrTiO 3 interfaces are characterized by very strong spin-orbit interaction, high carrier densities, higher effective mass 15 . The LAO/STO interface structure now has a broken structure inversion symmetry as a result of the confinement along the axis normal to the interface, which leads to the lifting of the spin-degeneracy of the six t 2g orbitals in STO 17 . Moreover, the d xy orbitals are confined in the x-y plane and are localized at the interface due to impurities and electron-phonon coupling 18 , whereas the electrons associated with the d xz and d yz orbitals 18 are itinerant and contribute to transport. One of the major concerns is to understand the nature of the SOI of the charge carriers at the oxide interface. In Refs.
17,19 , a k-linear Rashba SOI for d xy orbital and an isotropic k-cubic for d xz and d yz orbitals were proposed. The magneto-transport measurement of 2DEG at the oxide interface has indicated the existence of k-cubic RSOI and is modeled using the isotropic k-cubic SOI, H iso R 10,20 . On the other hand, the first-principle calculations suggested anisotropic non-parabolic spin-split branches for the d xz and d yz orbitals 21 . Two recent polarization-dependent ARPES revealed non-isotropic Fermi contours of the 2DEG at the oxide interface 22 . Very recent theoretical study 23 predicted that these orbitals are characterized by k-cubic but anisotropic Rashba spin-orbit interaction whose form is given by
The spin splitting energy and Fermi contours become highly anisotropic as a result of this anisotropic SOI. In this paper we will refer this as anisotropic RSOI. This form of the anisotropic RSOI 23 enables to explain the experimental observations of the anisotropic spin susceptibility 24, 25 successfully. It is also shown 23 that the anisotropic RSOI leads to different behavior of the spin Hall conductivity, in comparison to the isotropic k-cubic RSOI.
The spectroscopic measurement of the absorptive part of the optical conductivity can probe the spin-split energy levels. Theoretical studies of the optical conductivity of various charged systems with an isotropic k-cubic Rashba SOI have been carried out [26] [27] [28] [29] 31 . It is shown that the optical transition takes place for a certain range of photon energy depending on the carrier density and spin-orbit coupling constant. At zero temperature, it takes a boxlike function and its value is σ iso xx = 3e 2 /(16 ), independent of carrier density and spin-orbit coupling strength.
In this paper we study the Drude weight and optical conductivities of the 2DEG with anisotropic k-cubic RSOI formed at the oxide interface and compare our results with that of the isotropic k-cubic RSOI. Firstly, we present the characteristics of the zero-frequency Drude weight as a function of the charge density and strength of the anisotropic RSOI. We find that the Drude weight is strongly modified due to the presence of the anisotropic k-cubic SOI. It deviates from the linear density dependence for large carrier density and for strong spin-orbit coupling. The Drude weight decreases with the increase of the strength of RSOI. Secondly, we find that an infinitesimally small photon energy would initiate the interband optical transition. This is due to the vanishing spinsplitting energy along certain directions in the momentum space. There is a single peak in the optical conductivity and its value depends on the electron density and strength of the anisotropic RSOI. Moreover, the charge and optical conductivities are isotropic despite the fact that the RSOI is anisotropic. In conventional 2DEG the van Hove singularities largely affects the various physical properties like transport 32 , character of plasmons 33 , Ntype kink in photoluminescence 34 , dilute-magnetic semiconductor properties 35 etc. Here as well, the van Hove singularities drastically affects the optical conductivity, thereby responsible for the single peak observed in it. The van Hove singularities are of the same M 1 type. These features can be used to find out the nature of the RSOI experimentally.
This paper is organized as follows. In section II, we describe basic properties of the 2DEG with anisotropic kcubic spin-orbit interaction. In section III, we present the analytical and numerical results of the Drude weight and the optical conductivity. The summary and conclusions of this paper are presented in section IV.
II. DESCRIPTION OF THE PHYSICAL SYSTEM
The effective Hamiltonian of the electron in d xz and d yz orbitals at the interface of LAO/STO is given by
where m * is the effective mass of the electron, α is the strength of the anisotropic RSOI and σ = σ xx + σ yŷ . The above Hamiltonian is valid within the narrow region around the Γ point. The anisotropic dispersion relations and the corresponding eigenfunctions are given by
and ψ
Here Ω is the surface area of the two-dimensional system, λ = ± denotes the spin-split branches and η k = cos 2θ/| cos 2θ| with θ = tan −1 (k y /k x ) measures the anisotropy of the spectrum. The magnitude of the anisotropic spin-splitting energy is
3 | cos 2θ|. The spin splitting energy vanishes at θ = (2p + 1)π/4 with p = 0, 1, 2, 3. On the other hand, the maximum spin-splitting (E max g
= 2αk
3 ) occurs at θ = pπ/2. To allow only the bound states, the wave-vector k should have an upper cut-off given by k c (π/4) = 2 /(3m * α) which corresponds to the cut-off energy E c = αk In order to obtain two anisotropic Fermi contours k λ f (θ), we need to calculate density of states (DOS) and Fermi energy E f . The density of states of the spin-split energy branches are given by
,
The density of states is obtained numerically and their characteristics for the two branches are shown in Fig. 1 . The DOS of the anisotropic spin-split levels varies asymmetrically with respect to D 0 . For fixed electron density n e and α, the Fermi energy (E f ) is obtained from the conservation of electron number n e = 
III. DRUDE WEIGHT AND OPTICAL CONDUCTIVITY
The complex charge conductivity for a two-level system of charge carriers in presence of a sinusoidal electric field (E(ω) ∼xE 0 e iωt ) can be written as Σ xx (ω) = σ D (ω) + σ xx (ω), where σ D (ω) is the intra-band induced dynamic Drude conductivity and σ xx (ω) is the inter-band induced complex optical conductivity.
The absorptive part of the conductivity can be obtained by taking the real part of Σ xx (ω) and is given by
Here, D w is known as the Drude weight measuring the Drude conductivity (σ d = τ D w /π) for a DC electric field and Re [σ xx (ω)] is the optical conductivity as a function of the frequency of the AC electric field with vanishing momentum q → 0. The vanishing momentum of the electric field forces the charge carriers to make a transition from λ = −1 branch to λ = +1 branch such that the momentum is conserved.
Drude weight: The semi-classical expression for the Drude weight at low temperature is given by
Herev x is the x-component of the velocity operator. Using the Heisenberg's equation of motion, i ṙ = [r, H], the x-and y-components of the velocity operator are given byv
For the system with anisotropic cubic RSOI, the calculation of the Drude conductivity yields
where
. For carrying out the numerical calculation, we adopt the following parameters used in Refs. 19, 23 : n e = 3.5 × 10 16 m −2 and m * /m 0 = 1, where m 0 is the bare mass of the electron. In Fig. 3 , the variations of the Drude weight with the carrier density and with the strength of the Rashba spin-orbit interactions are shown. The plots of the Drude weight vs carrier density for three different values of α are shown in the left panels of Fig. 3 . The analytical expression of D iso w obtained in Ref. 31 clearly shows the deviation from the linear density dependence. Because of the small value of α considered here, the deviation is not visible in this figure. On the other hand, the Drude weight vs α for three different values of carrier density are plotted in the right panels of Fig. 3 . The Drude weight decreases with the increase of α but the decreasing nature of D w for the two different cases is quite different. This important feature would help to know the nature of the RSOI.
Optical Conductivity: The generalized Kubo formula of the optical conductivity in terms of the Matsubara Green's function is given by Here, µ, ν = x, y, T being the temperature, ω s = (2s + 1)πT and ω l = 2lπT are the fermionic and bosonic Matsubara frequencies with s and l are integers, respectively. The matrix Green's function associated with the Hamiltonian given by Eq. (1) is
Here I is a 2 × 2 unit matrix and G λ 0 (k, ω n ) = 1/(i ω n + µ 0 − E λ (k)) with µ 0 being the chemical potential. It indicates that the optical spectral weight is directly related to the local spin texture P λ (k).
Substituting Eqs. (5) and (10) into Eq. (9), the xxcomponent of the longitudinal conductivity reduces to
where f (E) = [e (E−µ0)β + 1] −1 is the Fermi-Dirac distribution function with β = 1/(k B T ).
We have carried out the same calculation for other components of the conductivity tensor σ µν (ω). We find that σ yy (ω) = σ xx (ω) and σ xy (ω) = σ yx (ω) = 0. Hence the optical conductivity remains isotropic despite the fact that the Fermi contours are anisotropic.
Using the fact that ω > 0 and after performing the k integral, the expression for the absorptive part of the optical conductivity at T = 0 is given by (12) where Θ(x) is the unit step function and
. This integral cannot be solved analytically due to θ dependence of k ω . On the other hand, in isotropic cubic Rashba SOI the closed form expression of the absorptive part of the optical conductivity at T = 0 K is given by
. It leads to featureless optical conductivity which has box shape with the height σ iso xx = 3e 2 /(16 ) which is independent of the carrier density and α. Note that simultaneous presence of isotropic Rashba and Dresselhaus SOI leads to anisotropic Fermi contours, in turns produces interesting optical features. Whereas anisotropic RSOI alone gives rise to anisotropic Fermi contours and provides distinct optical features. Here we shall present how the anisotropic RSOI alone gives rise to some unique features of the optical conductivity. We first evaluate Re [σ xx (ω)] numerically using the parameters α = 0.004 eV nm 3 , n e = 3. Fig. 5 . It should be noted that the anisotropic k-cubic band is well separated from the other two bands with k-linear SOI for the parameters used in Refs. 19, 23 . As a result, the contribution to the optical conductivity from other two bands having k-linear SOI is ruled out since they occur at ω much larger than ǫ − (pπ/2) ≈ 0.9 meV. The overall behavior of the optical spectra can be understood from the joint density of states which is given as It can be reformulated as
Here C is the line element along the contour. The joint density of states vs ω is plotted in the middle panel of Fig. 4 . The location of the single peak and the region of zero optical conductivity are nicely described by the joint density of states. It can be seen from Eq. (14) that any peak may arise whenever |∂ k E g (k)| attains a minimum value. For the present problem, the singular points are at k s = (k, pπ/4). The single peak appears at ǫ ω = ǫ + (pπ/2) in the joint density of states corresponds to the well known van Hove singularity. The asymmetric spin-splitting at the Fermi contours along the k y = k x = 0 lines is the reason for the appearance of the peak at ǫ + (pπ/2). There are three different types of the singularity 37 depending on the nature of change of the energy gap around the singular points k s . Using the Taylor series expansion of 
ks
. The co-efficients a µ are as follows
The sign of the coefficients will determine the type of classification of the various singular points. One can easily find that the signs of a x and a y at different singular points are (−1) p and (−1) p+1 , respectively. Therefore, every singularities are all of the same class i.e. M 1 type.
The variations of the peak height (σ peak ) with n e and α are shown in Fig. 6 . It strongly depends on the Fermi energy. We also define a width ∆ = ǫ − (pπ/2)−ǫ + (pπ/2), the difference between peak position and the position beyond which σ xx (ω) vanishes. Its variation with α as well as n e are shown in Fig. 7 . It shows that ∆ increases with the increase of n e as well as α.
IV. SUMMARY AND CONCLUSION
We have studied the Drude weight and optical conductivity for 2DEG with k-cubic anisotropic RSOI at the oxide interface. We have presented the variation of the zero-frequency Drude weight with the carrier density as well as the strength of the anisotropic spin-orbit coupling. For anisotropic RSOI, the Drude weight deviates from the linear density dependence. It is indicated that the spectral weight is directly related to the local spin texture in momentum space. We found that the charge and optical conductivities remain isotropic although the Fermi contours are anisotropic. It is found that an infinitesimally small photon energy can trigger inter-band optical conductivity. This is due to the fact that the spinsplitting energy vanishes along the certain directions in k space. We found a single peak in the optical conductivity whose value depends on the Fermi energy. We have shown that the van Hove singularities responsible for the single peak in the optical conductivity are of the same M 1 type. The different features of the conductivity can determine the information of the nature of the spin-orbit interaction experimentally and would help in understanding the orbital origin of the two-dimensional electron gas at the oxide interface.
